Abstract. In this article, we study the minimal degree [K(T ) : K] of a p-subgroup T ⊆ E(K)tors for an elliptic curve E/K defined over a number field K. Our results depend on the shape of the image of the p-adic Galois representation ρE,p∞ : Gal(K/K) → GL(2, Zp). However, we are able to show that there are certain uniform bounds for the minimal degree of definition of T . When the results are applied to K = Q and p = 2, we obtain a divisibility condition on the minimal degree of definition of any subgroup of E[2 n ] that is best possible.
Introduction
Let E be an elliptic curve defined over Q, let p be a prime number, and let N ≥ 1. Let Q be a fixed algebraic closure of Q, and let E[p N ] be the subgroup of algebraic points on E(Q) that are torsion points of order dividing p N . In other words, E[p N ] is the kernel of the multiplication-by-p N map [p N ] : E → E. Let T ⊆ E[p N ] be a p-subgroup. The central object of study of this article is the field of definition of T , namely Q(T ) := Q({x(P ), y(P ) : P = (x(P ), y(P )) ∈ T }).
It is well-known that a torsion subgroup E(Q) tors may contain points of prime-power order 8, 9, 5, or 7, but no points of order 16, 27, 25, 49, or p > 7. This follows for example from a theorem of Mazur (Theorem 2.1 below). Similarly, a theorem of Kamienny, Kenku, and Momose (Theorem 2.2), shows that there are quadratic fields K and elliptic curves E/K such that E(K) contains a point of order 16. However, one cannot find points of order 32 in E(K), for a curve E/K and a quadratic extension K/Q. Points of order 16 also may appear starting from an elliptic curve E/Q and considering E(K), where K/Q is quadratic (see Theorem 2.3). More generally, the second author has shown that if E/Q is an elliptic curve over Q, and R ∈ E(Q) is a point of order p = 11 or p > 13, then [Q(P ) : Q] ≥ (p − 1)/2 (see [12] , Theorem 2.1).
In this article, we fix a number field K and we study the minimal degree [K(T ) : K] of a subgroup T ⊆ E(K) tors with T ∼ = Z/p s Z⊕Z/p N Z for an elliptic curve E/K defined over K. Our results depend on the shape of the image of the p-adic Galois representation ρ E,p ∞ : Gal(K/K) → GL(2, Z p ). However, we are able to show that there are certain uniform bounds for the minimal degree of definition of T . The integer n(K, p) that appears in Theorem 1.1 is the smallest integer such that the image of the p-adic Galois representation ρ E,p ∞ is completely defined modulo p n(K,p) for all elliptic curves E/K without complex multiplication. The existence of n(K, p) is shown in Theorem 2.5.
We apply the uniform results of Theorem 1.1 to the case of K = Q. For instance, we show that the minimal degree of a point of order 32 for elliptic curves over Q is 8. In fact, we show the following uniform divisibility result about the degree of the extension Q(P )/Q, for a point of arbitrary order 2 N , for N ≥ 4. Theorem 1.2. Let E/Q be an elliptic curve defined over Q without CM, and let P ∈ E[2 N ] be a point of exact order 2 N , with N ≥ 4. Then, the degree [Q(P ) : Q] is divisible by 2 2N −7 . Moreover, this bound is best possible, in the sense that there is a one-parameter family E t of elliptic curves over Q such that, for each t ∈ Q, there is a points P t,N ∈ E t (Q) of exact order 2 N , such that
The family mentioned in the statement of Theorem 1.2 is X 235l , which parametrizes all elliptic curves over Q with 2-adic image X235l in the notation of [16] (see Section 4). One concrete member of the family is the curve with Cremona label [7] 210e1, given in Weierstrass form by E : y 2 + xy = x 3 + 210x + 900.
As a corollary of Theorem 1.2, we obtain the following bound on two-torsion points. 
⌋.
Exploiting recent work of Rouse and Zureick-Brown [16] that classifies all possible 2-adic images for elliptic curves over Q, one can calculate explicitly the constants g s,N (Q, 2) of Theorem 1.1 and calculate the minimal degree of definition of various subgroups of E[2 N ], for an elliptic curve E defined over Q. As before, Mazur's theorem implies that the 2-primary component of any torsion subgroup E(Q) tors is isomorphic to a subgroup of Z/2Z ⊕ Z/8Z, while the theorems of Kenku, Kamienny, and Momose imply that the 2-primary components defined over a quadratic field are isomorphic to subgroups of Z/16Z, Z/2Z ⊕ Z/8Z, or Z/4Z ⊕ Z/4Z. Our second main theorem, gives the best possible (divisibility) bound for the degree of definition of any torsion subgroup T ∼ = Z/2 s Z⊕Z/2 N Z, for any 0 ≤ s ≤ N , for an elliptic curve over Q without CM. Theorem 1.4. Let E/Q be an elliptic curve without CM. Let 1 ≤ s ≤ N be fixed integers, and 
is equal to the bound given above.
We remark here that the 2-torsion subgroups that are not covered by Theorems 1.2 and 1.4, namely those that correspond to pairs (s, N ) = (0, 1), (0, 2), (0, 3), (1, 1) , and (1, 2), are known to appear infinitely many times as defined over Q, by Mazur's theorem (Theorem 2.1). Also, it is worth pointing out that the two j-invariants that appear in the statement of Theorem 1.4 are two of the j-invariants that appear in Theorem 1.1 and Table 1 of [16] . Example 1.5. As a consequence of Corollary 3.5, we can calculate the first degree d where a certain 2-primary torsion structure appears for some elliptic curve E/Q without CM. We do this in Table 1 for d ≤ 16, i.e., for each d ≤ 16, we list all the possible torsion structures Z/2 s Z ⊕ Z/2 N Z, such that there exists an elliptic curve E defined over Q with
, and such that d is smallest with this property. For p > 2, the classification of all possible p-adic images of Galois representations associated to elliptic curves E/Q is not known. In fact, the classification of all possible mod-p images is not known, since we do not know whether there are elliptic curves without CM such that the mod-p image is contained in a normalizer of a non-split Cartan subgroup of GL(2, Z/pZ) when p ≥ 13 (see the introduction of [12] for a discussion of this topic). However, Sutherland and Zywina ([20] , [21] ) have a list of 63 mod-p images that do occur for non-CM curves E/Q, and that would be the complete list if the answer to Serre's uniformity question is positive. Using this list of images, we can show the following theorem about p-adic representations that are defined modulo p, i.e., for those p-adic images that are the full inverse image of their mod-p image. 
where the constants g k,1 (G 1 ) and m k,1 (G 1 ) are given in Tables 5 and 6 for k = 0, 1.
where the constants g k,1 (Q, p) and m k,1 (Q, p) are given in Table 2 for k = 0, 1. Table 2 . g k,1 (Q, p) and m k,1 (Q, p), for k = 0, 1.
For example, let E/Q be the elliptic curve
and Cremona label 50b1. This is an elliptic curve without complex multiplication, such that B = ρ E,3 (Gal(Q/Q)) is conjugate to a full Borel subgroup of GL(2, Z/3Z). In the notation of [20] , the image is 3B. Moreover, the 3-adic image ρ E,3 ∞ (Gal(Q/Q)) is the full inverse image of B in GL(2, Z 3 ), as we will see in Section 4.1. Thus, ρ E,3 ∞ is defined modulo 3, so E/Q satisfies (A) and (C) of Theorem 1.6. It is easy to see that g 0,1 (3B) = m 0,1 (3B) = 2 and g 1,1 (3B) = m 1,1 (3B) = 12. Therefore, for every 0 ≤ s ≤ N , and every subgroup
and these divisibility bounds are best possible, in the sense that, for each pair of s, N , there is a choice of
: Q] is equal to the bound. Remark 1.7. All our results in this article are for elliptic curves without complex multiplication. In the CM case, there are known divisibility bounds for the field of definition of a point of order N (and for p-primary torsion structures when the field of definition does not contain the quadratic field of complex multiplication) given by Silverberg [19] , and Prasad and Yogananda [15] . More generally, Bourdon, Clark, and Pollack [6] , have recently shown divisibility bounds for p-primary torsion structures, similar to those of our Theorem 1.6.
The article is organized as follows. In Section 2 we record previous results in the literature related to our work, which will be used in Section 3 to prove our main Theorem 3.1. Then, we will deduce a number of corollaries, which include Theorems 1.1, 1.2, and 1.4 from the introduction. In particular, Theorem 1.1 follows from Corollaries 3.2 and 3.3, while 1.2, and 1.4 follow from Corollary 3.4 (and they are equivalent to Corollary 3.5). Theorem 1.6 will be shown at the very end of Section 3. Finally, in Section 4, we show examples of families of elliptic curves that achieve the minimal degrees of definition.
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Prior Results in the Literature
The first three results that we quote describe the possible torsion subgroups for elliptic curves over Q or quadratic fields.
Theorem 2.1 (Mazur, [13], Theorem 2). Let E/Q be an elliptic curve. Then
Theorem 2.2 (Kenku, Momose, [11] ; Kamienny, [10] ). Let K/Q be a quadratic field and let E/K be an elliptic curve. Then
Theorem 2.3 (Najman, [14], Theorem 2)
. Let E/Q be an elliptic curve defined over Q, and let F be a quadratic number field. Then,
As we mentioned in the introduction, our results depend on the image of the p-adic Galois representation ρ E,p ∞ : Gal(K/K) → GL(2, Z p ) associated to the natural action of Galois on the Tate module T p (E) with respect to a fixed Z p -basis. In [17] , Serre showed that the image of ρ E,p ∞ is as large as possible for all but finitely many prime numbers, as long as E/K does not have complex multiplication. Theorem 2.4 (Serre, [17] ). Let K be a number field, and let E/K be an elliptic curve without complex multiplication. Then,
is an open subgroup of GL(2, Z p ), and ρ E,p ∞ is surjective for all but finitely many primes.
Serre's open image theorem implies that there is a number
The following result shows that n(E/K, p) can be made independent of the curve.
Theorem 2.5 (Arai, [1] ). Let K be a number field, and let p be a prime. Then, there exists an integer n = n(K, p) ≥ 1 depending on K and p such that for any elliptic curve E over K with no complex multiplication, we have
As a corollary of Arai's theorem, the image of ρ E,p ∞ is determined modulo p n(K,p) , and so, the number of possible p-adic images (up to conjugation) is bounded above by the number of subgroups of GL(2, Z/p n Z). Thus, we obtain that there are only finitely many possible p-adic images of ρ E,p ∞ over K up to conjugation. Corollary 2.6. Let K be a number field, and let p be a prime. Then, there is only a finite number a(K, p) ≥ 1 of possibilities (up to conjugation) for the image of ρ E,p ∞ : Gal(K/K) → GL(2, Z p ), for any elliptic curve E/K without complex multiplication. In other words, there are subgroups
Rouse and Zureick-Brown have classified all the possible 2-adic images of ρ E,2 : Gal(Q/Q) → GL(2, Z 2 ), and have shown that n(Q, 2) = 5 and a(Q, 2) = 1208, with notation as in Arai's theorem and its corollary. Theorem 2.7 (Rouse, Zureick-Brown, [16] ). Let E be an elliptic curve over Q without complex multiplication. Then, there are exactly 1208 possibilities for the 2-adic image ρ E,2 ∞ (Gal(Q/Q)), up to conjugacy in GL(2, Z 2 ). Moreover:
Remark 2.8. The 1208 distinct possibilities for 2-adic images that are found in [16] are described in a few text files that can be found on the website listed in the references of this article. Each image has a label Xk or Xkt where k is a number and t is a letter (e.g., X2 or X58i). In particular, the files curvelist1.txt and curvelist2.txt are lists of examples of elliptic curves with each type of image, and the files gl2data.gz and gl2finedata.gz contain the descriptions of each image. The curves with each type of image come in 1-parameter families which are given in the file finemodels.tar.gz. See the article and website [16] for more info on how to interpret the files and notations. In addition, the website [16] contains links to individual websites with data about each 2-adic image. For instance, http://users.wfu.edu/rouseja/2adic/X441.html is the site for the image X441.
For p > 2, we know that the image of ρ E,p :
is contained in one of the maximal subgroups of GL(E[p]) ∼ = GL(2, Z/pZ). The best results known are summarized in the following result. 
The list of images in the sets S p appears in our Tables 5 and 6 and are described in [21] , and Tables 3 and 4 of [20] .
Proofs
We begin by calculating a general formula for [K(T ) : K] in terms of the sizes of subgroups of the Galois group of Q(E[p N ])/Q. Theorem 3.1. Let p be a prime number, let K be a number field, let E/K be an elliptic curve without CM, let G = ρ E,p ∞ (Gal(K/K)), and suppose that G is defined at level
where the chosen basis of E[p N ] is {P, Q} and P ∈ T is a point of order p N , and if s = 0, then
Then, the index [K(T ) : K] is computed as follows:
Proof. Let p be a prime number, let E/K be an elliptic curve without CM, and let ρ E,p ∞ be the Galois representation Gal(K/K) → GL(2, Z p ) associated to the action of Galois on the Tate module T p (E) after fixing a Z p -basis {P, Q} of T p (E), and suppose that G is defined at level
Let s, N , and T be as in the statement of the theorem. Let H T be the subgroup of
Since T contains a point P N of order p N , we can choose
With respect to this basis, the subgroup H T fixing T must be the subgroup of matrices in G N ⊆ GL(2, Z/p N Z) that (a) fix P N , and (b) reduce to the identity modulo p s (since
. Hence, if s > 0, the group H T must be given by
and if s = 0, then
We distinguish three cases according to whether
Hence:
Q N , and we assume s > 0 for now, then H T d is the subgroup
In either case,
We remark here that this formula is the same for any subgroup 
and, therefore,
and
In the following corollary, we apply Theorem 3.1 to the case of full GL(2, Z p ) image. We remind the reader that the order
for any N ≥ 1. In particular,
Corollary 3.2. Let K be a number field, and let E/K be an elliptic curve. Then:
(2) For a fixed elliptic curve E/K without CM the degree [K(T s,N ) : K] is given by the formula in (1) for all but finitely many primes p.
Proof. First, let s = 0 and let N ≥ 1 be arbitrary. Let T = P and let {P, Q} be a basis of E[p N ], and write H T for the subgroup of
Then, the formulae of Theorem 3.1 says that
Otherwise, N ≥ s ≥ 1 = d, and we are in case (iii) of Theorem 3.1. Hence,
This shows (1). Now (2) is a direct consequence of Serre's open image theorem (Theorem 2.4).
Corollary 2.6 says that there is a finite number of possible p-adic images ρ E,p ∞ (Gal(K/K)), up to conjugation, for any elliptic curve E/K. Thus, there are divisibility bounds as in Theorem 3.1 that are uniform over all elliptic curves over K. (
Finally, if we define m s,N (G i ) and
Proof. The result follows from the divisibility bounds of Theorem 3.1. Clearly part (2) is a direct consequence of (1) and the fact that there are only a(K, p) possible p-adic images (Corollary 2.6), so we will just prove (1). By Theorem 2.5 for every elliptic curve E/K without CM, the image G = ρ E,p ∞ (Gal(K/K)) is defined at most modulo p n(K,p) so, for our purposes, we will define every representation exactly modulo p n(K,p) , i.e., the value of d in Theorem 3.1 will be always d = n(K, p). 
where H i T ′ is the subgroup of G i N that fixes T ′ , and
,
By the results of [16] , we know that n(Q, 2) = 5 and a(Q, 2) = 1208, so we can specialize the previous result to p = 2 and K = Q, as follows. Table 3 . Table 3 . Proof. The first part is immediate from Corollary 3.3. The values g s,N (G i ) and g s,N (Q, 2) have been calculated using Magma [5] for each possible image group G i as described by [16] . In our calculations we have found all possible values of
, and for all 1 ≤ i ≤ a(Q, 2) = 1208. The Magma scripts used in this computation can be found at the research website of either author. In particular, the file 2primary_Ss.txt contains the values of g s,t (G i ), for 0 ≤ s ≤ 5 and 1 ≤ t ≤ 5, for each of the possible 2-adic images that occur for elliptic curves over Q. In other words, in the file 2primary_Ss.txt the reader can find an analogue of Table 4 for each of the 1208 possible 2-adic images for non-CM curves. We shall outline here the computation for a given image.
For instance, say G i = G corresponds to the 2-adic image X235l (as always, following the notation of [16] ), which is defined modulo 16, and is generated in GL(2, Z/16Z) by
In our notation
by M · R, so our matrices are transposed from those that appear in [16] . Then, the values g s,M (G) are given in Table  4 . We shall work out two cases in detail: (s, N ) = (0, 1) and (s, N ) = (1, 5). Table 4 .
where G is the image with label X235l.
Let s = 0 and N = 1. We first compute G 1 which is the reduction of G modulo 2, so it is generated by the reduction of every generator of G 4 modulo 2. Thus,
As T ′ runs over the three subgroups T ′ 1 = (1, 0) , T ′ 2 = (0, 1) , and T ′ 3 = (1, 1) of order 2 of E[2] (where the points are given in the same coordinates chosen to represent the matrices), we obtain
We remark that the values computed for Table 3 are fairly regular. Indeed, for 1 ≤ s ≤ 3 and 3 ≤ N ≤ 5, we have g s,N (Q, 2) = 2 2(s+N −4) . Thus, the formulas can be simplified as follows. However, part (c) says that the divisibility by 3 · 2 2N +2s−9 and not by 2 2N +2s−8 only occurs when the image is X441. By the work of [16] , Section 8.3, the elliptic curves with 2-adic image X441 are parametrized by a modular curve X 441 which, in turn, is isomorphic to X + ns (16) , whose noncuspidal points classify elliptic curves whose mod 16 image of Galois is contained in the normalizer of a non-split Cartan subgroup (see Remarks 1.4 and 7.1, and Section 8.3 in [16] ), and it is given by a model X + ns (16) :
The non-cuspidal rational points on X + ns (16) were first computed by Baran [2] (and calculated again in [16] , Section 8.3), and the only two non-CM associated j-invariants are We finish this section with a proof of Theorem 1.6 from the introduction.
Proof of Theorem 1.6 . Let E/Q be an elliptic curve without complex multiplication, and let us first assume that p is a prime satisfying (A) and (B). In particular, Theorem 2.9 says that the representation ρ E,p : Gal(Q/Q) → GL(2, Z/pZ) must be surjective (for p > 13 and p = 17 or 37). By [18] , IV-24, Lemma 3, if ρ E,p is surjective and p ≥ 5, then the p-adic representation ρ E,p ∞ must be surjective as well. Thus, Corollary 3.2 gives an exact value for [Q(T ) : Q] in this case, which coincide with the bounds stated in Theorem 1.6.
Otherwise, assume that p is a prime satisfying (A) and (C). Then, G = ρ E,p ∞ (Gal(Q/Q)) is defined modulo p. Moreover, the mod-p image is either surjective, or the image is contained in one of the maximal subgroups of type (1), (2), or (3) of Theorem 2.9. In [20] and [21] such types of images have been completely classified, and there are only 63 possibilities of non-surjective mod-p images
For each G i defined to be the full inverse p-adic image of
1 , the bounds of Cor. 3.3 apply, where n(K, p) can be taken to be 1 because these representations are defined modulo p. Thus, only g k,1 (G i ), and m k,1 (G i ), for k = 0, 1 play a role here. Each of these constants have been calculated with Magma, and recorded in Tables 5 and 6 below. Finally, in Table  2 we have calculated and recorded g k,1 (Q, p) and m k,1 (Q, p), for k = 0, 1.
Examples
In Table 3 we have given the values of g s,N , for 0 ≤ s ≤ N ≤ 5, which played an important role in the bounds given by Corollary 3.5, and as claimed in the statement, for each pair s, N there is an elliptic curve E s,N over Q, and a subgroup
: Q] equals the bound given by Corollary 3.5. In fact, there are infinitely many non-isomorphic curves over Q with this property, given by one-parameter families (except for the two exceptional j-invariants mentioned in the statement of Corollary 3.5). In particular, the elliptic curves with 2-adic images X193n and X441 up to conjugation (following the notation of [16] ), which are parametrized by the elliptic surface X 193n and the modular curve X 441 , achieve the bound in all cases except for s = 0 and N ≥ 1, or s = N = 2, which are achieved by the 2-adic images X235l or X58i up to conjugation, respectively (and parametrized by the surfaces X 235l or X 58i which we will give below). Here are the models of the modular curves (note that we have simplified the models of X 58i , X 193n , and X 235l given in [16] , by changing variables so that (0, 0) belongs to the elliptic surface).
As mentioned in the proof of Corollary 3.5, the curve X 441 = X + ns (16), a modular curve of genus 2, contains only two non-cuspidal rational points that correspond to non-CM elliptic curves, whose j-invariants are given in the statement of the corollary.
In this section we show explicitly, as an example, the field of definition of T = Z/2 N Z for N ≤ 5 (with T chosen so that [Q(T ) : Q] is minimal) in the elliptic surface X 235l and points of order 2 N for N = 3, 4, 5. The 2-adic image X235l (as always, following the notation of [16] ) is defined modulo 16. For each elliptic curve E with image X235l (up to conjugation) there is a subgroup
Indeed, let us show that g 0,4 (X235l) = g 0,4 (Q, 2) = 2, and g 0,5 (X235l) = g 0,5 (Q, 2) = 2 3 .
In order to do this, we show explicitly that the curves with image X235l (up to conjugation) have a 16-torsion point defined over a quadratic extension of Q, and a 32-torsion point defined over an extension of degree 8. As shown in [16] , the curves with 2-adic image X235l are parametrized by the surface X 235l that appears above (see also our Remark 2.8 to find the model in their database).
The torsion structure and generators of X 235l over Q(t) can be computed with Magma, and it is isomorphic to Z/8Z with the following generator:
Over the quadratic extension K = Q( (t 4 − 1)(t 2 + 2t − 1)) the point: where α = 2t + (t − 1) (t 4 − 1)(t 2 + 2t − 1), is of order 16.
To obtain a point of order 32 it is necessary to go to L = Q(t)(β), a degree 4 extension of K, where β satisfies: β 4 + (−12tα − 2t 8 + 8t 6 − 12t 5 + 4t 4 + 8t 2 + 12t − 2)β 2 + ((−16t 5 − 32t 2 + 16t)α − 16t 9 + 64t 7 − 32t 6 + 32t 5 + 32t 2 − 16t)β + (−4t 9 + 16t 7 − 24t 6 + 8t 5 − 32t 3 + 24t 2 − 4t)α + t 16 − 8t 14 − 4t 13 +12t 12 + 16t 11 − 16t 10 + 12t 9 + 22t 8 − 48t 7 + 56t 6 − 12t 5 + 12t 4 + 32t 3 − 32t 2 + 4t + 1 = 0 and the point of order 32 is:
P 32 = (1/2β 2 − tα − 1/2t 8 + 2t 6 − t 5 + t 4 + 2t 2 + t − 1/2, 1/2β 3 + (−3tα − 1/2t 8 + 2t 6 − 3t 5 + t 4 + 2t 2 + 3t − 1/2)β +(−2t 5 − 4t 2 + 2t)α − 2t 9 + 8t 7 − 4t 6 + 4t 5 + 4t 2 − 2t).
Remark 4.1. In the example above we have 2P 32 = P 16 , and 2P 16 = P 8 . We have halved these points using the 2-divisibility method (cf. [9] , or [8, Prop. 12] ). This method establishes that if E is an elliptic curve defined over a field K and P ∈ E(K) . We note here that while [8] or [9] use the 2-divisibility method over number fields, the same method applies to function fields as well.
4.1.
Examples of p-adic representations defined modulo p. In this section we give examples of elliptic curves E/Q and primes p such that the condition (C) of Theorem 1.6 is verified, i.e., p-adic representations attached to elliptic curves that are defined modulo p. We have also calculated the constants g k,1 and m k,1 , for k = 0, 1, for each of the examples that appear in this section, and they are listed in Table 5 . For p = 2, the classification of [16] of all possible 2-adic images (for non-CM elliptic curves) includes the level of definition of the image. In particular, the images X1, X2, X6, and X8 are the only images defined modulo 2, and these correspond to GL(2, Z/2Z), 2Cn, 2B, and 2Cs (in the notation of [20] ) for X1, X2, X6, and X8, respectively. The following elliptic curves are examples in each image defined modulo 2:
• 2-adic image X1, corresponds to all of GL(2, Z/2Z) modulo 2, and 11a1 is an example.
• 2-adic image X2, corresponds to image 2Cn modulo 2, and 196a1 is an example.
• 2-adic image X6, corresponds to image 2B modulo 2, and 69a1 is an example.
• 2-adic image X8, corresponds to image 2Cs modulo 2, and 315b2 is an example. For p > 2, in order to check that an image is defined modulo p, it suffices to check that the image modulo p 2 is the full inverse image of the mod-p image, by the following result. 
